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In many shear- and pressure-driven wall-bounded turbulent flows secondary motions
spontaneously develop and their interaction with the main flow alters the overall large-
scale features and transfer properties. Taylor-Couette flow, the fluid motion developing
in the gap between two concentric cylinders rotating at different angular velocity, is not
an exception, and toroidal Taylor rolls have been observed from the early development
of the flow up to the fully turbulent regime. In this manuscript we show that under the
generic name of “Taylor rolls” there is a wide variety of structures that differ for the
vorticity distribution within the cores, the way they are driven and their effects on the
mean flow. We relate the rolls at high Reynolds numbers not to centrifugal instabilities,
but to a combination of shear and anti-cyclonic rotation, showing that they are preserved
in the limit of vanishing curvature and can be better understood as a pinned cycle which
shows similar characteristics as the self-sustained process of shear flows. By analyzing
the effect of the computational domain size, we show that this pinning is not a product
of numerics, and that the position of the rolls is governed by a random process with the
space and time variations depending on domain size.
Key words:
1. Introduction
Taylor-Couette (TC) flow, the fluid flow between two coaxial, independently rotating
cylinders, is one of the paradigmatic systems of fluid dynamics, and a model system for
studying the influence of rotation and curvature on turbulence (Grossmann et al. 2016).
Historically, this system has been heavily researched from the 1890s up to the present day,
uncovering interesting phenomena for a system that even at the lowest Reynolds numbers
is extremely rich. Taylor-Couette flow is linearly unstable when angular momentum
decreases with radius, and different configurations of inner and outer cylinder rotation
lead to diverse dynamics (Andereck et al. 1986). Large-scale structures arise because
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of instabilities and can fill the entire gap between the cylinders remaining relatively
stationary in time. These structures, known as Taylor rolls or Taylor vortices (Taylor
1923), have been observed both in experiments and simulations, and dominate the flow
topology up to the highest values of Reynolds number (Lathrop et al. 1992; Huisman
et al. 2014; Ostilla-Mo´nico et al. 2014b); here the Reynolds number Re is defined as
Re = Ud/ν, with U a characteristic shear velocity of the cylinders which will be defined,
d the distance between the cylinders and ν the kinematic viscosity.
The phase diagram of Taylor rolls is quite complex, and strongly dependent on the
kind of rotation of the two cylinders. In the case of outer cylinder rotation and for a
fixed or only slowly rotating inner cylinder, Taylor-Couette flow is linearly stable. On
the other hand for pure inner cylinder rotation the centrifugal driving forces make the
system unstable as the Reynolds number of the inner cylinder increases. At Reynolds
numbers just beyond the onset of linear instability (Re ∼ 102), Taylor rolls appear and
are stationary and axisymmetric (Andereck et al. 1986). For increasing Reynolds number,
secondary instabilities arise, and the Taylor rolls develop azimuthal oscillations, entering
the wavy Taylor Vortex flow regime (Jones 1985). Further increasing the Reynolds
number causes the onset of time-dependence, and this is known as the modulated wavy
Taylor Vortex regime. When increasing the driving even more, even if the large coherent
rolls are still present, the flow becomes chaotic as turbulence starts to develop, first in
the bulk, and eventually also in the boundary layers as they undergo a shear transition
(Ostilla-Mo´nico et al. 2014b). This is the so-called turbulent Taylor vortex regime. For
Reynolds numbers exceeding Re ∼ 103, the small-scale vortices begin to be strong enough
to weaken the large-time-scale circulation. For pure inner cylinder rotation, Lathrop
et al. (1992) found experimentally that the rolls disappear for η = 0.714 and Re > 105,
where η = ri/ro is the radius ratio of the two cylinders, with ri (ro) the inner (outer)
cylinder radius. When the Reynolds number becomes sufficiently large, the flow recovers
a statistical symmetry in the axial direction. The vanishing of the rolls at η = 0.714 was
also found numerically in Ostilla-Mo´nico et al. (2014b), albeit for smaller aspect ratios
Γ = Lz/d, where Lz is the axial length of the domain, d is the gap between the two
cylinders.
When both cylinders rotate, the dynamic of the rolls becomes more complicated. By
adding a slight counter-rotation to a η = 0.714 TC system, Huisman et al. (2014) found
that the turbulent Taylor rolls survive at least up to Re ∼ 106. Numerically, Ostilla-
Mo´nico et al. (2014a) observed rolls in the corresponding counter-rotation parameter
regimes in DNS simulations for η = 0.714 and Γ = 2.07, from the formation of the
axisymmetric rolls at low Reynolds number, up to the turbulent Taylor rolls. Ostilla-
Mo´nico et al. (2014a) also explored the phase space for the rolls in the high Reynolds
number regime, showing that they can either fill the entire gap, partially survive close
to the inner cylinder or completely disappear from the bulk depending on rotation and
curvature of the system. Even if a smaller aspect ratio was used, wide agreement was
found between the experimental and numerical probes of the counter-rotating regime.
The transition between two stages of the phase diagram in our previous analysis is
far from smooth, and the continuity we have assumed between the steady, axisymmetric
vortices near the onset of centrifugal instability to the large-Re turbulent Taylor rolls
is not totally clear. Several questions remain: first, Taylor rolls have been traditionally
attributed to the effects of centrifugal instabilities. However, for pure inner cylinder
rotation, they appear to be strongest for narrow-gap (i.e. small curvature) instances of
Taylor-Couette flow (Ostilla-Mo´nico et al. 2014b). For high curvature (η = 0.5), they
survive only at mild counter-rotation (van der Veen et al. 2016). If they were caused
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solely by centrifugal effects, one could expect them to be always the strongest for the
largest centrifugal driving, i.e. pure inner cylinder rotation, and this is not the case.
In this manuscript we first intend to clarify the reason for this discrepancy by sim-
ulating small-gap Taylor-Couette flow at moderate Reynolds numbers and varying the
curvature. By approaching TC flow with zero curvature, and analyzing its transition to
rotating plane Couette flow (RPCF), the flow between two infinite and parallel plates
moving at different velocities, we will study how the linear instabilities of TC flow relate to
those of processes only driven by shear. This idea has already been used in the literature
to study solutions of plane Couette flow: by the use of homotopy, Nagata (1990) was able
to continuously deform a low Reynolds number Taylor vortex from a TC solution for
counter-rotating cylinders into a narrow gap onto a RPCF solution; Faisst & Eckhardt
(2000) studied the narrow gap limit of TC flow, showing how the linear instability that
leads to the formation of Taylor vortices is superseded by the planar shear flow transition
as the curvature vanishes.
In a shear-driven flow, e.g. plane Couette flow, with linear instabilities absent, turbu-
lence is regenerated by the self-sustaining process (SSP) first characterized by Waleffe
(1997). The cycle, detailed in §3.2, consists of three steps, and each of these is necessary
to maintain turbulence (Jime´nez & Moin 1991; Hamilton et al. 1995). Recently, a
relationship between Taylor vortices at low curvature and the SSPs of shear flows was
found by Dessup et al. (2018), who showed that at low Reynolds numbers the transition
from Taylor vortex flow to wavy-vortex flow is caused by the activation of one of the
phases of the SSP: the formation of the streak instability. And once the azimuthal waves
arise on the rolls, their non-linear interaction feeds the rolls, closing the SSP. In this
manuscript, we intend to show how the flow behaves as the Reynolds number increases
and to check if imprints of this behaviour can still be seen.
A second question that calls for explanation is about the axial pinning of the rolls.
While this comes about naturally in experiments due to the presence of end-plates, in
direct numerical simulations it is still not clear why structures should be fixed in a
homogeneous direction, and the broken symmetry is not recovered in a statistical sense.
Several numerical studies have been conducted to check that the axial pinning of the rolls
is not an effect of small computational boxes due to aliasing of long-wavelength modes
onto the streamwise-invariant mode (Ostilla-Mo´nico et al. 2015; Ostilla-Mo´nico et al.
2016), finding no apparent effect of box-size on the rolls up to box sizes of 20piδ×2δ×9piδ,
with δ the half-gap. However on one side it has been found that for what would be
considered large boxes, i.e. the DNS simulations in a domain of size 20piδ × 2δ × 6piδ,
with δ the half-plate distance by Avsarkisov et al. (2014), or the 18piδ× 2δ× 8pi domain
of Pirozzoli et al. (2014), no pinned structures appeared. On the other side a recent
numerical work by Lee & Moser (2018) has shown that in plane Couette flow structures
become pinned in a comparable large computational box of 20piδ × 2δ × 5piδ for high
Reynolds number.
It thus seems that it is impossible to neglect the effect of computational domain size,
and in this paper we set out to show in a more rigorous manner than simply showing
visualizations as done previously (Ostilla-Mo´nico et al. 2015; Ostilla-Mo´nico et al. 2016),
how effects of finite domain sizes on structures can be quantified by increasing the
azimuthal extent of the simulation domain.
The paper is organized as follows: in section 2 we describe the numerical method
used and the parameter setup used in the simulations. All the properties and the
characterization of Taylor rolls are reported in section 3. In section 4 we briefly summarize
and give some remarks and an outlook for future works.
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2. Numerical details
We perform direct numerical simulations of Taylor-Couette flow by solving the incom-
pressible Navier-Stokes equations in a rotating reference frame:
∂u
∂t
+ u · ∇u + 2Ω × u = −∇p+ ν∇2u, (2.1)
∇ · u = 0, (2.2)
in cylindrical coordinates, where u is the velocity, Ω the angular velocity of the rotating
frame, p the pressure and t is time. Spatial discretization is performed using a second-
order energy-conserving centered finite difference scheme, while time is advanced using a
low-storage third-order Runge-Kutta for the explicit terms and a second-order Adams-
Bashworth scheme for the implicit treatment of the wall-normal viscous terms. Further
details of the algorithm can be found in Verzicco & Orlandi (1996); van der Poel et al.
(2015). The code has been extensively validated for Taylor-Couette flow (Ostilla-Mo´nico
et al. 2014b) and is parallelized using MPI directives.
Axially periodic boundary conditions are taken with a periodicity length Lz, expressed
non-dimensionally as an aspect ratio Γ = Lz/d, where d = ro − ri is the gap between
both cylinders, and ri (ro) the radius of the inner (outer) cylinder. For this study, we
fix Γ = 2.33, which is enough to fit a single roll pair, so that their wavelength λz will
be λz = Γ = 2.33. The non-dimensional radius ratio η = ri/ro provides a measure
of the curvature of the system, and is the second geometrical control parameter. In
the azimuthal direction, Taylor-Couette is naturally periodic. However, a rotational
symmetry of order N is imposed on the system with a double purpose: to reduce
computational costs and to explore the effect of the the streamwise periodic length on
turbulent structures. In this study, we mainly consider rotational symmetries between
5 and 20. For η = 0.909, a rotational symmetry of N = 20 results in a streamwise
periodicity length of around 2pi half-gaps, the usual value considered for the turbulent
channel flow. We note that while Andereck et al. (1986) found azimuthal waves of
wavenumber m = 2 near the transition to wavy Taylor vortex flow at similar radius
ratio, the moderate Reynolds number simulations of Ostilla-Mo´nico et al. (2015) show
very rapid drops in the streamwise decorrelation length. Indeed, N = 20 was found
to be enough for pure inner cylinder rotating Taylor-Couette in Ostilla-Mo´nico et al.
(2015) and Ostilla-Mo´nico et al. (2016) to obtain asymptotic torque and mean statistics,
compared to the largest extents of N = 5.
We perform the simulations in a convective reference frame (Dubrulle et al. 2005)
such that the cylinders rotate with opposite velocities ±U/2, and any combination of
differential rotations of the cylinders are reflected as a Coriolis force. In this frame the two
control parameters become a shear Reynolds number Res = Ud/ν and a non-dimensional
Coriolis parameter RΩ = 2dΩ/U ; if we consider the traditional Reynolds numbers that
measure the dimensionless velocity of the inner and outer cylinders in the laboratory
frame of reference Rei = riωid/ν and Reo = roωod/ν, where ωi and ωo are the angular
velocities of the inner and outer cylinders, we can express the new control parameters as
follows:
Res =
2
1 + η
(Rei + ηReo), (2.3)
RΩ = (1− η) Rei +Reo
Rei − ηReo . (2.4)
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In order to compare Taylor-Couette system in the limit of a vanishing curvature, also
a few simulations of Plane-Couette flow have been performed, since it is the limit of
Taylor-Couette flow when η → 1. For this case we have used a Cartesian version of the
previously mentioned code (van der Poel et al. 2015). In the convective frame, the control
parameters Res and RΩ naturally reduce to those of rotating Plane-Couette flow when
that limit is taken.
Temporal convergence is assessed by measuring the difference in torque between both
cylinders. The flow is started from a white noise configuration, and run for approximately
tU/d = 1000 time units to overcome the transient. The simulations are then advanced
until the time average of the respective values are equal within 1%, which roughly
corresponds to an additional tU/d = 200 time units. The torque is then taken as the
average value of the inner and outer cylinder torques. Therefore, the error due to finite
time statistics can be estimated to be around 1%. A complete discussion of temporal
time-scales is available in Ostilla-Mo´nico et al. (2016). The spatial resolution of lower
Res simulations is based on Ostilla-Mo´nico et al. (2016). For Res = 3.61 · 104, we take
the criteria ∆z+ ≈ 5, ∆x+ = r∆θ+ ≈ 9 and ∆r+ ∈ (0.5, 5), resulting in resolutions of
nθ×nr×nz = 384×512×768 in the azimuthal, radial and axial directions respectively for
N = 20. For simulations in which we halve N , we double the resolution in the azimuthal
direction.
3. Results
3.1. Changes in the rolls with Reynolds number
In order to analyze the properties of the large scale structures, we have performed
several simulations fixing the cylinder radius ratio to η = 0.909, and increasing the driving
by rotating the inner cylinder only and varying the Reynolds numberRes between 10
2 and
3.6·104, thus covering the full range between linear instability and turbulent rolls. Indeed,
for all the cases, the axially pinned structures exist and fill up the entire domain. These
Taylor rolls are known to redistribute angular momentum and have a visible large scale
pattern (Lathrop et al. 1992; Ostilla-Mo´nico et al. 2016), as shown in the first two rows of
Figure 1: if we look at the temporally and azimuthally averaged azimuthal velocity and
azimuthal vorticity, indeed, we can see that the signature of the rolls is preserved for all
cases. Following Busse (2012), Taylor rolls were analyzed with the terminology of thermal
convection by Ostilla-Mo´nico et al. (2014a), where it was shown that at both cylinder
walls, there existed three types of areas: plume ejection regions, where the velocity was
largely in the positive wall-normal direction, and turbulent plume-like structures would
leave the cylinder, plume impact regions, where the velocity was largely in the negative
wall-normal direction, and plume-like structures from the other cylinder would impact
the wall, and wind-shear regions where the velocity was largely parallel to the wall, and
plumes would be generated. In Ostilla et al. (2013); Ostilla-Mo´nico et al. (2014a), the
plumes were related to herringbone-structures, or hairpin vortices, which can also be seen
in the left panel of Figure 2.
In Figure 1, the two quantities show different behaviours: the mean azimuthal velocity
preserves a similar pattern during all the transition, revealing the Taylor rolls and the
two zones where the fluid detaches from the inner/outer boundary layer and impacts
the opposite wall. Alternatively, the intensity of the azimuthal (streamwise) vorticity
concentrates near the wall. While we could expect the axial (spanwise) vorticity to
concentrate near the walls with increasing Reynolds number due to boundary layer
thinning, the behaviour of the azimuthal vorticity is more complicated. If there were
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Figure 1. Temporally- and azimuthally averaged azimuthal velocity uˆθ (top row) and
normalized averaged azimuthal vorticity ωˆθ/max |ωˆθ| (middle row) for inner cylinder rotation
and several shear Reynolds numbers (from left to right, Res = 1.96 · 102, 1.37 · 103, 4.97 · 103,
3.61 · 104) at η = 0.909 and Γ = 2.33. Contours levels for vorticity are shown for values between
-0.001 and 0.001, to highlight the roll structures. The panels on the bottom row show two
quantities, azimuthal velocity (left) and azimuthal vorticity (right) at the mid-gap r = d/2 for
Reynolds numbers Res = 1.96 · 102 (blue), 1.37 · 103 (orange), 4.97 · 103 (green), 3.61 · 104 (red)
and 1 · 105 (purple).
no secondary flow, one could expect the mean azimuthal vorticity to average out to zero.
In contrast, if secondary flows were present, as for example in the case of square-duct
flow (Pirozzoli et al. 2018), azimuthal vorticity would be largely concentrated not only in
the boundary layers but also in the core of the secondary structures. For Taylor-Couette
flow with inner cylinder rotation, the azimuthal vorticity in the boundary layer becomes
much higher than that of the core of the secondary flow, i.e. the Taylor roll. For this to
happen, the mean flow velocity of the secondary motion must be relatively constant with
Reynolds number, and the boundary layer of the secondary motion must become thinner.
This results in a relative “emptying” process of the bulk of the rolls. It is possible to see
this process in the last row of Figure 1, where in the right panel we have checked the
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Figure 2. Left: Instantaneous visualization of the azimuthal (streamwise) velocity at r+ ≈ 13,
for Res = 3.4 · 104, η = 0.909 and Γ = 2.33. Right: Same velocity field as on the left under
a low-pass filter. The characteristic undulatatory streamwise instability of the streaks of the
self-sustained process can be clearly seen.
magnitude of the mean streamwise vorticity in the core of the rolls, i.e. at the mid-gap,
along the spanwise coordinate. We can clearly see that, while at low Reynolds number
of Re = 1.96 · 102 the peak is located in the very core of the roll, already during the
transition to ultimate regime the center of the structure is “deflating”, and vorticity starts
to concentrate at the borders of the structure. This condition is enhanced at the highest
Reynolds numbers Re = 3.61 · 104 and Re = 1 · 105, where the relatively constant value
of azimuthal vorticity drops. This fact shows that other processes are taking place. As a
consequence rolls become relatively more quiescent and inactive even if some circulation
remains in the secondary flow cores.
This matches previous intuition that as the Reynolds number increases and the flow
reaches the ultimate regime, the rolls undergo a series of transitions. In Ostilla-Mo´nico
et al. (2014a), when the ultimate-regime was reached for pure inner cylinder rotation at
η = 0.714, the rolls simply vanished. For η = 0.909, even if they persist, between the right-
most upper panels at Res = 3.61·104, corresponding to the so-called ultimate regime, and
the panels at Res = 4.97 · 103, the azimuthal velocity in the bulk can be seen to increase
even if strong axial signatures are still present. The left panel of the last row of Figure 1,
representing the magnitude of the mean streamwise velocity in the core of the rolls, i.e.
at the mid-gap, along the spanwise coordinate, is a confirmation of this fact: even if, as
we have already said, the profile of each velocity preserves the concentrated shape due to
fluid detaching/impacting pattern, there is a velocity value jump in correspondence with
the transition to the ultimate regime, between Res = 4.97 ·103 and Res = 3.61 ·104, that
somehow matches the drop of azimuthal vorticity in the core seen in the right panel.
This calls into question the assumption that turbulent Taylor rolls before the ultimate
regime such as those in Andereck et al. (1986), and those in the ultimate regime such as
those in Huisman et al. (2014) are generated by the same mechanisms. The continuity
between the left and right upper panels becomes less apparent upon close examination,
and it appears that fundamental changes happen as the rolls are becoming relatively
empty of vorticity.
3.2. The Taylor roll in the context of the self sustained process
It thus seems useful to analyze the turbulent Taylor rolls in the ultimate regime not in
the context of centrifugal instabilities, but instead in the framework of shear flows. For
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Figure 3. Left: Temporal evolution of the kinetic energy associated to streaks Es (blue) and
rolls Er (orange) normalized by their mean value. Right: Temporal evolution of the normalized
modal RMS velocity in the Fourier space associated to the M(0, β) mode (blue) and the M(0, 0)
mode (orange). Both plots shown are for pure inner cylinder rotation with η = 0.909 and
Res = 3.4 · 104.
this aim we introduce the self-sustained process of shear flows. Following the argument of
Waleffe (1997), we know that a self sustained process is composed of three main phases:
i) the redistribution of mean shear stress by streamwise rolls to create streaks;
ii) the wake-like instability of the streaks;
iii) the regeneration of the streamwise rolls from the nonlinear development of the
streak instability.
In the previous section, we saw that Taylor rolls are essentially large-scale streamwise
rolls which redistribute mean shear-stress. Dessup et al. (2018) showed that already at
low Reynolds numbers, the axisymmetric Taylor roll was part i) of the self-sustained
process, and once the transition to wavy Taylor vortices took place, all three parts of
the process were active. With increasing Reynolds numbers, we expect the centrifugal
(linear) instabilities to become bypassed by the shear instabilities (Faisst & Eckhardt
2000; Brauckmann & Eckhardt 2017). Thus for high Reynolds numbers we can expect
aspects of the Taylor rolls to be related to parts i) and iii) of the SSP. We expect large-
scale streaky structures to also exist for Taylor-Couette flow even in the turbulent regime.
These structures would then feed the Taylor rolls and axially pinned Taylor rolls would
simply be a fixed instance of the above self-sustained process.
A streaky flow would contain strong spanwise inflections. In the near-wall region
of turbulent flows this will lead to two possible patterns, a typical staggered row of
vortices and a less frequent horseshoe structure. To detect the existence of these spanwise
variations, we have checked the instantaneous azimuthal velocity near the wall for pure
inner cylinder rotation, and the results are illustrated in figure 2. After applying a low-
pass filter to the fields, the streaks-row structure clearly comes up. This provides an
initial indication that a Taylor roll in the ultimate regime is an axially pinned process
reminiscent of the self-sustained process of shear flows.
A further assessment of the similarity between the two processes can be made by
studying the temporal evolution of streaks and rolls. There are several definitions used
in the literature to quantify the energy of streaks and rolls. First, we following the
definition given by Dessup et al. (2018) of streaks and rolls in Taylor-Couette flow where
their energy is calculated from the energy in axisymmetric modes.
For this, first of all we separate the field u from its mean U , averaged with respect to
the streamwise coordinate θ:
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u(t, θ, r, z) = U(t, r, z) + u
′
(t, θ, r, z), (3.1)
and we take a further step by analyzing two derived quantities, the energy in the rolls:
Er(t, θ, r, z) =
1
2
∫
r,z
[U2r (t, r, z) + U
2
z (t, r, z)]rdrdz, (3.2)
and the energy in the streaks as defined by Dessup et al. (2018), which are defined
through the axial anomaly, computed taking out the θ and z average of the field from U ,
Es(t) =
1
2
∫
r,z
[Uθ(t, r, z)− 〈Uθ(t, r, z)〉z]2rdrdz. (3.3)
This is shown in the left panel of Figure 3, where the energy of both structures can
be seen to oscillate at time-scales of O(uτ/d). The energy in the rolls can be seen to
consistently lag behind the energy in the streaks by a small time, and this is probably
due to the fact that they are regenerated through something analogous to step (iii) of
the SSP cycle.
A second method to quantify the energy of streaks and rolls, and the link between
the rolls and the SSP process is done following Hamilton et al. (1995). Here, the study
of streaks and rolls is done through the modal r.m.s. velocity (or the square root of the
‘kinetic energy’), in the Fourier space, given by:
M (kθ = αm, kz = βn) =
[∫ ro
ri
(
û2θ(mα, r, nβ) + û
2
r(mα, r, nβ) + û
2
z(mα, r, nβ)
)
rdr
] 1
2
,
(3.4)
where α = 2pi/Lx and β = 2pi/λz are the fundamental streamwise and spanwise
wavenubers, Lx corresponding to the streamwise domain extent, and λz as defined in
section 2.
In particular we focus on the two principal modes:
• M(0, 0), the axially and streamwise invariant mode, which represents the mean flow.
• M(0, β) the streamwise independent, fundamental in z mode, corresponding to both
streaks and rolls, as both uθ and ur/uz add to the total energy in M .
In the right panel of Figure 3 we see that the two energies oscillate at time-scales of
O(uτ/d), and the period of the two quantities are almost anti-correlated, instead of the
time-lag of the left panel. This is consistent with a breakdown-regeneration structure
that resembles the one described in Hamilton et al. (1995). Energy is constantly being
redistributed to the mean flow into streaks and rolls.
We note that Hamilton et al. (1995) analyzed M(α, 0), which is invariant in the
axial direction, and fundamental in θ. Hamilton et al. (1995) states that this mode is
responsible for rolls regeneration (Hamilton et al. (1995), § 6), but in our simulations it
evolves at faster time-scales and we do not see any positive or negative correlation between
this mode and the two shown in Figure 3(b). This indicates that we are not exactly
seeing the SSP as studied by Hamilton et al. (1995), but instead observe a cycle which
has properties reminiscent of it. As a final remark, both the plots of figure 3 are realized
at Re = 3.4 · 104, corresponding, as we already said, to the so called “ultimate regime”,
but we have observed almost identical behavior of the energies and modal velocities at
smaller Reynolds number (Res = 5× 103, during the transition to this regime).
Additional evidence for a general similarity between the rolls and the SSP is given by
a previous study performed by Ostilla-Mo´nico et al. (2017) on decaying Taylor-Couette
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turbulence. In channel flow, the self-sustaining process regenerates itself with slow time-
scales (100tU/d). Once forcing is removed, the vortices would regenerate themselves
slower and slower but with the same intensity, until the turbulence died out (Jime´nez &
Moin 1991; Hamilton et al. 1995). In the decaying Taylor-Couette simulations of Ostilla-
Mo´nico et al. (2017), similar phenomena could be observed. The cylinders were made
stress-free at tU/d = 0, thus removing the forcing from the rolls. The first life-stage of
decay, attributed in the manuscript to the decay of the rolls lasted for a time-scale of
tU/d ≈ 15 − 40. The energy of the azimuthal (streamwise) velocity first decayed up to
tU/d ≈ 10, while the energy of the radial (wall-normal) and axial (span-wise) components
did not start decaying up to tU/d ≈ 10 and had a monotonic decay. This matches the
findings of Jime´nez & Moin (1991); Hamilton et al. (1995): the streamwise rolls are
regenerated in full force in the first life-stage of decay until they completely die down
and the flow enters the second life-stage of decay.
3.3. The pinning of Taylor rolls
If the Taylor roll is reminiscent of the self-sustained process, which is axially pinned,
what is causing the pinning? Is it the instabilities caused by curvature, or can rotation
alone cause the pinning of the rolls? To answer this question we have simulated several
narrow-gap radius ratios up to the limit of η → 1, i.e. the Plane Couette limit. By
varying the curvature and keeping the other control parameters constant we can control
for its effect. We set Res = 3.4 ·104, in the ultimate regime (Ostilla-Mo´nico et al. 2014b).
The non-dimensional rotation parameter RΩ is set to RΩ = 0.1, so we are considering
weak anti-cyclonic rotation very close to the value for pure inner cylinder rotation at
η = 0.909, which is RΩ = 0.0909. Analyzing the instantaneous and averaged azimuthal
or streamwise velocity fields we find that large-scale structure analogous to Taylor rolls
are present for all cases. The average and instantaneous flow-fields look very similar, so
we expect them to be sustained by the same pattern of streaks that we have described
previously. These facts are illustrated in the left and center panels of Figure 4.
Moreover we have checked the magnitude of the rolls as curvature vanishes by looking
at the magnitude of the Fourier component associated to them in the ur-uθ mean at
the mid-gap: the axisymmetric mode in the streamwise direction (kx = 0) and the
axially/spanwise mode associated to the roll wavelength (kz = 2pi/λz). This is shown in
the right panel of Figure 4, where we can clearly see that the variations of this quantity
are around 6% between η = 0.909 and η = 1. This matches the intuition coming from the
Navier-Stokes equations that the strength of forces due to curvature is measured by the
Rc = d/
√
riro parameter (Brauckmann et al. 2015), which corresponds to Rc ≈ 0.095
for η = 0.909. This is further evidence that the nature of the rolls are similar in all the
systems, and that their pinning is caused by rotation, and not curvature. Indeed, the
Coriolis forces arising from solid body rotation, reflected non-dimensionally as RΩ , seem
crucial in controlling the regions of parameter space in which rolls form.
We note that while we use the word “pinning”, this is a simplification. Coriolis forces
do not break the vertical translation symmetry of the problem. Instead, their presence
modifies the rolls and adds a feature that makes them more resistant to spanwise
translation when compared to the RΩ = 0 case. Large-scale structures are known to exist
in non-rotating Plane Couette flow from the work of Tsukahara et al. (2006). These were
isolated in the simulations of Avsarkisov et al. (2014), and found to consist of counter-
rotating pairs of rolls with high vorticity in their boundaries. This pattern is similar to
the structure of the Taylor rolls seen in Figure 1. It is not curvature, but the addition
of a mild anti-cyclonic rotation RΩ = 0.1 which breaks the spanwise wandering of these
structures, resulting in the fixed rolls. Proof of this is seen not only in our simulations,
Dynamics and evolution of Turbulent Taylor rolls 11
0 1
(r − ri)/d
0.0
0.5
1.0
1.5
2.0
z/
d
0 1
y/d
0.0
0.5
1.0
1.5
2.0
z/
d
−0.20
−0.15
−0.10
−0.05
0.00
0.05
0.10
0.15
0.20
0.85 0.90 0.95 1.00
η
2.5
2.6
2.7
2.8
E
01
×10−4
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Res = 3.4 · 104. Center: Mean streamwise velocity for plane Couette flow (η → 1) at RΩ = 0.1,
Res = 3.4 · 104. Spanwise-pinned large-scale structures analogous to the turbulent Taylor rolls
can be seen. Right: strength of the Fourier component associated to the turbulent Taylor roll at
the mid-gap as a function of curvature for RΩ = 0.1, Res = 3.4 · 104.
where the rolls are barely modified as the curvature vanishes, and correspond to the
structures of Avsarkisov et al. (2014), but also in the large-box rotating Plane Couette
simulations of Tobias & Marston (2017) which show identical signatures for RPCF.
While in principle any rotating reference frame could be chosen to express a Coriolis
force, obtaining a different expression for RΩ , the choice of this particular one in which
the velocities at the cylinders are equal and opposite is the correct way to reproduce
the transition between TC flow and RPCF (Brauckmann et al. 2015). As the curvature
increases, TC flow driven by pure inner cylinder rotation can be seen as TC flow driven
by counter-rotating cylinders with an increasing solid-body rotation. The corresponding
Coriolis force increases with increasing η, i.e. RΩ(Reo) = 1 − η. With this Coriolis
parameter RΩ , we can revisit older data to show that mild anticyclonic rotation, and
not centrifugal instabilities, play a defining role for moderate values of curvature. By
recalculating the parameters in terms of RΩ , we see that the η = 0.714 (Rc ≈ 0.33)
experiments of Huisman et al. (2014) show the signature of rolls between RΩ ≈ 0.1
and RΩ ≈ 0.2 when the cylinder counter-rotation is expressed as a Coriolis force,
corresponding to the values discussed above. In the η = 0.5 (Rc ≈ 0.71) experiments
of van der Veen et al. (2016), a fixed roll structure for counter-rotating cylinders was
seen at ωo/ωi = −0.2, which corresponds to RΩ = 0.25, but not for pure inner cylinder
rotation corresponding to RΩ = 0.5. This also serves to rationalize why the rolls vanish
for pure inner cylinder rotation at η = 0.5 (RΩ = 0.5) and 0.714 (RΩ = 0.286), but not for
0.909 (RΩ = 0.091) as seen in Ostilla-Mo´nico et al. (2014b). Mild anti-cyclonic Coriolis
forces and not centrifugal forces are the primary cause of the pinning of structures in the
ultimate regime.
3.4. The effect of the domain size
From the previous sections, it seems apparent that mild anticyclonic rotation causes
some self-organization in shear-flows by pinning the self-sustained process in the span-
wise (axial) direction. However, while the pinning seemed natural for experiments, due to
the presence of end-plates, it is still unclear what the effect of box-size is on simulations.
As mentioned in the introduction, it has been found by numerical simulation of Lee &
Moser (2018) that for plane Couette flow, a large computational box of 20piδ× 2δ× 5piδ,
where δ is half the distance between the walls, cause the pinning of flow structures. We
note that this pinning was not observed either in the DNS simulations in a domain of size
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20piδ× 2δ× 6piδ by Avsarkisov et al. (2014), nor the 18piδ× 2δ× 8pi domain of Pirozzoli
et al. (2014).
To probe the pinning of rolls, we decompose the velocity in a similar manner as in
section 3.2 into mean flow and fluctuations. We return to the definition of streamwise
averaged velocities U(t, r, z) from Equation 3.1, and we take a further step, as in Moser
& Moin (1987) by analyzing two derived quantities. First, we look at the axisymmetric
azimuthal vorticity, which provides a measure of the circulation of the rolls:
Ωθ =
∂Ur
∂z
− ∂Uz
∂r
. (3.5)
and second, we look at the axisymmetric axial anomaly, computed taking out the θ and
z average of the field from U , that was used by Dessup et al. (2018) (Eq. 3.3) to identify
streaks:
Us(t, r, z) = U(t, r, z)− 〈U(t, r, z)〉z , (3.6)
We first compare two TC systems, with RΩ = 0.0909, corresponding to pure inner
cylinder rotation, with strong turbulent rolls, the other with RΩ = −0.1, corresponding
to pure outer cylinder rotation, with fixed Res = 3.4·104 and η = 0.909. As we previously
discussed when analyzing Ωθ field, large scale axially pinned rolls are present only with a
mild anticyclonic rotation, and so are a characteristic of the first system only, while the
second does not present this feature at all. This is also reflected on the streak fields Us,
as we have found also there large-scale axially pinned structure, only for inner cylinder
rotation, while they are completely missing in the other case. This is displayed in the left
and central panels of figure 5.
Moreover if we look closer at the central panel, we can see that the axial signature of
the rolls has a well defined shape and an influence also in the bulk, analogous to what
was seen for the azimuthal velocity in subsection 3.1. This is further proof that different
mechanisms are taking place, and that Taylor rolls are part of an axially pinned process
reminiscent of the SSP: the Coriolis forces are also pinning the streak fields, which in
turn reinforces the rolls, keeping them fixed.
We now compare the effect of the azimuthal domain size on the two cases, to further
prove that the rolls are not simply a product of aliasing, i.e. of large wavelengths mapped
onto the streamwise invariant modes, caused by small domain extents. Even if recent
studies have found that the computational domain (or box) size does affect the outline
of the rolls (Ostilla-Mo´nico et al. 2015; Ostilla-Mo´nico et al. 2016), since the axial extent
of the box plays a crucial role on the correlations and spectra of the velocity field, no
size of box was able to unpin the rolls. Moreover larger boxes in the azimuthal extent
allow for azimuthal wave-like patterns in the Taylor rolls to develop, which affects the
statistics in the bulk region, but does not unpin them anyway. The question remains of
how large is “large enough”? Here, we attempt to rigorously quantify the effect of box-
size to understand whether the presence of Taylor rolls is a product of numerics, since we
are also imposing artificial rotational symmetry in the azimuthal direction. We can do
this by systematically varying the azimuthal (streamwise) extent of the computational
box. If the rolls are a product of aliasing, then, the energy of the rolls and streaks should
decrease with box-size as ∼ 1/N , as they are essentially a mean (kx = 0). On the other
hand, if they are physical, the energy should plateau to a constant with box-size.
We again use the comparison between pure inner rotating cylinder system and pure
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(left) and inner cylinder rotation (center) at Res = 3.4 · 104, η = 0.909. Right: Normalized
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outer rotating one, as the last one, as we pointed out before, has a lack of roll structures.
The simulations are performed with the same parameters, and varying the imposed
rotational symmetry of the system between the values N = 5, 10, 20. In the right panel of
figure 5 we show the streak and roll energies for both systems: for inner cylinder rotation
we can see that even if the azimuthal extent of the domain change, the amplitude of rolls
and streaks is almost constant; on the other hand for pure outer cylinder rotation the
amplitude goes down with box-size as predicted for a mean mode.
As the last point we still want to understand if Taylor rolls are effectively fixed in
the axial direction for all times or if they move about their position as a random
process. For this reason, we decompose the flow in low-wavenumber roll modes and
high-wavenumber fluctuations, in the spirit of the generalized quasi-linear approximation
(Tobias & Marston 2017). We have already mentioned that the energy of the rolls is
mainly contained in the axisymmetric (kx = 0) mode, and the axial mode associated to
the base wavelength of the roll (kz = 2pi/λz). By looking at the phase of the Fourier
transform of the streamwise velocity uθ at the mid-gap we can probe the extent of
pinning. For the roll to move the phase of this mode, which we will denote from here as
α, has to shift with time.
In the top left panel of figure 6 we show a visualization of the roll movement, with
the predicted peak from the phase of the Fourier component superimposed. The method
tracks relatively well the position of the minimum and maximum velocity. We note that
an implicit assumption we make when using the Fourier mode, is that each of the two
rolls behaves in a symmetric manner, which might not be strictly the case.
On the top right panel we show the time evolution of the phase for pure inner cylinder
rotation cases at Res = 3.4 · 104 and η = 0.909, with a varying imposed rotational
symmetry between the values of N = 5, 10, 20. The +movement of the rolls can be seen
to become smaller for increasing box-size. We also show the temporal autocorrelation of
the roll phase in the middle left panel of 6, where it can be seen that the spatial changes
decorrelate in time, with the decorrelation time increasing as the streamwise extent of
the domain increases. Thus the drifts become both longer in time and shorter in space
with increasing domain size.
Furthermore, we can measure the amplitude of the phase change (i.e. the speed of
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the drift of the roll) dα/dt, and calculate the probability distribution function (p.d.f.)
of this quantity. This is shown in the middle right panel. The drifts are approximately
symmetric, as could be expected by the symmetries in the system. In the bottom right
panel, we show the three curves normalized by their standard deviation and compared
to a standard Gaussian distribution. The three curves can be seen to approximate the
Gaussian distribution with their standard deviation, i.e. the size of the spatial drifts,
decreasing with increasing domain size.
It thus seems that the spatial drifts not only become shorter, but they also become
more correlated with increasing domain size. This can be reasoned as follows: all non-
linear interactions are triadic interactions of low or high wavenumber modes. A force
that could shift the phase has to come from the interaction of two high-wavenumber
fluctuations, that is, from a triadic interaction of the form û′(k1), û′(k2)→ Û(k1 +k2). If
we now assume that fluctuations are random, and centered at zero, using the central limit
theorem we expect that the mean of all triadic interactions affecting the roll behaves like
a Gaussian. We also expect that an increase in the computational box, which adds more
modes to the averaging, makes the expected value of the fluctuations approach zero. In
the bottom left panel of Figure 6 we show the standard deviation of the drift, which
approaches zero even faster than 1/
√
Lx, that is what would be expected from a simple
random process. This is an indication that the phenomenon is more complicated than
what could be predicted from this simple analysis, but anyway the pinning process holds
and works stronger than our expectation.
Overall, the results verify reasonably well our expectations. We have shown that rolls
are moving, but this movement depends on the box-size: the larger the domain the smaller
the spatial variations. Computational effects cannot be completely avoided. Indeed, boxes
which are very large might pin structures by the averaging out fluctuations over long
spatial extents.
4. Summary and conclusions
Several DNS simulations have been performed in a large parameter range of Taylor-
Couette system in order to better understand the high-Reynolds number behaviour of
the large-scale structures known as Taylor rolls. We have shown that, at a fixed radius
ratio η = 0.909, these structures become more and more empty of vorticity in the bulk as
the Reynolds number increases, while the behaviour of the streamwise velocity remains
somewhat similar, leaving behind the characteristic imprint in the axial direction on
both instantaneous and mean fields. In a way similar to the rolls, large-scale streaky
structures arise in the azimuthal (streamwise) direction. At high Reynolds numbers the
roll/streak pairs can be understood in the context of a spatially localized instance of a
process reminiscent of the self-sustained process of shear flows: the primary mechanism
for the generation is not the centrifugal instabilities caused by rotation and curvature,
as previously thought (Ostilla-Mo´nico et al. 2016). Instead, streaks are generated by the
redistribution of shear stress by the rolls, and their instability sustains the evolution
of the same rolls. For a narrow gap system, the self-sustained process is pinned under
the presence of moderate anti-cyclonic rotation. The pinning is not due to destabilizing
centrifugal effects, as the process remains pinned in the plane Couette limit value η →
1, i.e. for no curvature. The RΩ parameter range where the rolls are pinned matches
previous experimental results from large-gaps between η = 0.5− 0.714. Finally, we have
shown that the rolls are not a product of aliasing due to small computational domains,
and their position appears to change, governed by a random process with long time-
scales. The smaller the domain, the larger the change in position of the rolls, because the
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Figure 6. Top left: Space-time (Hovmo¨ller) diagram showing the streamwise-averaged azimuthal
velocity at mid-gap for N = 20 at Res = 3.4 · 104, Γ = 2.33 and η = 0.909. The position of
the maximum and minimum velocities of the Taylor-roll Fourier mode is shown with a dashed
line. Top right: Phase (α) of the Fourier mode associated to the Taylor roll for three different
azimuthal (streamwise) domain lengths . Middle left: Temporal auto-correlation of the phases
for the three domains. Middle right: Probability distribution function for the phase velocity
(dα/dt) for the three simulations. Bottom left: Standard deviation of the phase velocity as a
function of streamwise domain extent Lx = 20pi/N . The dashed line shows the proposed 1/
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behaviour. Bottom right: The three probability distributions of (d) normalized by their standard
deviation with a Gaussian distribution overlaid.
average of the triadic interactions between fluctuations deviates more from zero. Further
investigation should look at the role of the rotation parameter RΩ on other important
parameters, as torque, and on the velocity field, in order to understand when Taylor rolls
have an optimal flow, and the effects that rotation and curvature have on large scales,
whether alone or coupled.
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